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(X,90,m) aloc. comp. separable metric-measure
space, £ a Dirichlet form on L2(X,m), u a pos-
itive Radon smooth measure on X, ® an N-
function, L®(X,u) the Orlicz space rel. to &
and

(SOD) = 112l o x 1 < CEUL 1), ¥ f € D(E).

Goals:

1) Give NSC for the validity of (SOI).

2) Use (SOI) to get Nash-type inequality and
Ultracontractivity of e ™ ¢ > 0 (for u = m).
3) Use (SOI) to get informations on the spec-
trum of the trace of £ on the support of wu.

4) Applications: Traces of (—A)% and DF on
Besov spaces (UC and spectra).



Two main objects: Orlicz spaces and Dirichlet
forms.

® : [0,00) — [0,00) is @ Young's function if it is
convex, ®(0) =0 and limgz—co P(x) = 0.

If d(x) =0« =0, lim_ogP(z)/x = 0 and
liMy—oo P(x)/r = oo, then ® is an N-function.
TO & «— V:

W(x) = sup {ya: —P(y) 1y > O}, x > 0.

W complementary func. of ®. & N-func. then
W also is.

Orlicz space L®(un) := L®(X,u): the space of
pu-meas. (eq. classes) of functions f s.t.

e, = SUD{)/X fgdul - /XW(Igl)du <1} <oo



(Lq’(u), | - ”LCD(M)) is a Banach space.

Set
£y =inf{x>0: [ @(fl/X)du <1},
Then

1llcwy < 1l zo g < 20 llcoy ¥ F € LP(w).

Example: 1 <p<oo, ¢gs.t. pl4+q 1=

4P +4
d(t) =—, t>0,then V(t) = —, t >0
p q

and ||fll e = a0 fllp

Dirichlet forms: A DF is a densely defined
positive quad. form on D(E) C L2(X,m) s.t.:
VO<a<b

f€DE) = fap:=(min(f,b) — a)

and

N c D(E)

Elfapl < ELT:=E(S, 1)



Regularity: D(E) N C.(X) is dense both in D(&)
and in C.(X) w.r.t. the relative norms.
Transience: 3g € L1, g > 0-a.e. such that

\/X fgdm| < C\ELf], ¥ | € D).

SHHHTtize_tH, t > 0.

Examples: 1) R"™ the n-dim. Euc. space with
Lebesgue meas. dz, WL2(R") the first order
Sob. space on R™.

Elf) = [ IVFP da, f € W2(R™)

is a regular DF in L2(R",dz).
2) Define

r(f)(z) := limsup f(z) = F()l

, [ € Lip(X),
S(zy)—0  0(x,y) / )

el = [ r2(H)(@)dm, f € Lip(X),

£ is a regular pre-DF in L2(X,m).



From now on & is transient.
The Capacitity: Y2 C X, open,

Cap(2) :=inf{&€[f]: fe D), f>1 a.e. on Q},

In the sequel, we assume that all measures do
not charge sets having zero capacity.

Observation: | f2| ;e ~ ||f||%¢2, where
Po(t) = d(17).
(SO = || 2|l o x uy < CELf], Y f € D(E).
< boundedness
I,: D(E) — LP2(X, ), [+ .

Hereafter, W5 is the complementary function of
D5,



Popular formulations of SOI

(SOD) := [|£2 ]l po(x ) < CELS], V.f € D(E).

a) P(t) =t% a>1, (SOI) is:

(s = ([, 122 au) " < celn, v e D).

b) ®(t) =tlog(l1+¢t), t >0 and u=m, (SOI)=
the log.Sob.I..V f € D(E),

LSI) := | f?I ° Vam<ce
(LSD) = [ 12109 (7 ) dm < CELf)



SOI: Necessary and sufficient conditions
T heorem 1. ® an N-function. Then the follow-

ing assertions are equivalent:
i) 1C1 s.t.

121 oy < C1E[f], V f € D(E). (1)
jii) AC> s. t. VK C X, compact
(CI) = p(K)W 1 (1/u(K)) < C2Cap(K).

i) Vf € LVY2(u), fu has finite energy integral
and

KM= LY2(u) — L®2(p), f— U(fp),

IS bounded.
Furthermore, Cy < C1 = 4||KH|| < 4C5.

For &©(t) =t% « > 1, the (CI) reads

(n(K))M* < CCap(K).
For the gradient DF in L2(R"™, dz), n > 2,
Mazy'a (70'):

(u(Br(z)))/
(@) = x,ggfg rn—2

< o0



Consequences: a) Nash-type ineq.: Set

1
, S >
sb—1(1/s) i
Theorem 2. If (SOI) holds true with best con-
stant k. ThenVf e D(E), e€ (0,1)

A(s) := 0.

2
e [x f2dp

(NI) = €[] 2 k11 = ([ 2 dA(

() = t"2 n>2 A(s) =cs 2/ If up=m,
then (SOI) is (SI) and (NI) reads:

([ 2am) T2 < cppirenn, vr e pee).

b) Ultracontractivity: An N-function & is said
to be admissible if

o ~1
/o (s/\(s)) ds < oo for some o > 0.



For such a function, set

(@) 1
t .= 8/@/0 SA(S) ds,

and for every € € (0,1)

L 2
Be(t) := v (2(1 — e)t)’ t > 0.

Theorem 3. Assume (SOI) with an admissible

N-function & and uw = m. Then for every t > O,
Ty is ultracontractive and

ITill 1 g0 < Be(t/2), Ve € (0,1). (2)

= Vt > 0, T} is an integral operator, with kernel
pt(ajay) Ss.t.

ess sup pi(x,y) < Be(t/2), Vit > 0. (3)
z,yeX



Application: Lower bounds for eigenvalues of
traces of DF

Fe the extended domain of £, u a measure with
support F'.
The trace of £ on L2(F, p) is

D) :={feL?(F,pn): f=uw—pa.e. on F
for some u € Fe},
Elfl =inf{€[u] :u € Fe, u=f—pa.e. on F}.

It is a transient DF in L2(F, ). Set H < &.

If (SOI) holds true for D(&E) with an admissible
N-function

= it holds also true for D(&). If u is finite, by
Theorem 3, H has discrete spectrum and the
first eigenvalue satisfies the Faber-Krahn-type
inequality

A > C(uF)® (1 /p(F)) = CA(u(F)). (4)

(Ak)g>1 the eigenvalues of H, ordered in an 1
way.
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Theorem 4. Under the above assumptions,

-~ 1 — € -1 2,[1/( )
AL > NA(~v(2
T (v(2y(

))) VOo<e<1l. (5)

Examples: a) s-stable processes

Let 0 <s<1 and &)
DED) = {f e L2®"Y : [ |F(@)Rlz2 do < oo},
eO(f.9) = [ F@3@e* da.

£(s) is a reg. DF, D(E(3)) = Ls2(R").
@ a semi d-measure:

J0<d<n, 1 >20,0<Cy<1andbelRs.t.

w(Bgz(r)) < Cqr , Vr € (0,1], x € F.

2d
n—2s

Forn>23 n—2s <d<nand 2 <p<
(p<n 5; If b=10), then

([ 117 au)™" < ce@i, v 5 e DE®).
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= if (S(VS)) is the trace of £(8) on L2(F, ), then
1
p/p—2

If further u is finite, then (£()) has discrete
spectrum and

pr < C w X pua.e., Yt>O0,

p—2

A, >Ck P, Vk>1.

b) A DF on a Besov space:

@ a d-measure:

:UJ(B33(T)) ~ Td) \V/'I" S (07 1]7 T < F7
n = 2s, a:=s—|—%=%l, and ®(t) ;= et — 1.
/\ is then given by
1

As) = 0g(1/s+ 1)

B defined by

) — 2
BI= [ (fLi ) yéﬁ%ﬂf dp() dp(y),

D(B) := {f € L?(F,p) : B[f] < co}.
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Fukushima (03): Bis areg. DF of jump type on
L2(F, 1) and D(B) is the Besov space B22(F).
Proposition 1. /)

12l oy < CBilf], Vf € BS2(F),

= the semigroup of the operator related to
B has an a.c. (w.r.t. to u) kernel p}'.

ii ) If i is finite, then B has discrete spectrum
and Vk > 1
(1 —¢) ke

VO <e< 1.
2u(F) |Og(2 1(F) + 1)

A\, > C
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