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Domain Decomposition Methods

Global problem

The idea: Let £ be an elliptic operator and €2 is a domain.
We consider Lu=fin, +B.Condf2.

Subproblem

If Q is “Large”, it's can be decomposed into subdomains, Q = UZNQ; where
Q; is an open subdomain of 2. We solve in iterative way
Lu™ =f in Q
Siuftt =Sl on 9QNQ(i # )
+B.C ondfQ;NoQ

fori=1,...,N.

= Importance of the choice of the transmission conditions.
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The additive Schwarz Method (H.A. Schwarz, 1870)

M—A)ju =f inQ

>
Forn =20, u =0onof
(uf,uf) — (U, uf ™) where
M—2)u™" =f inQy M—2)Jt" =f inQ
”+1 =00ndQ NN g+‘ =0o0n 9NN
f’” =uj onadQ;NQ ugt™  =uf ondNQy

@ A simple and convergent algorithm.
© Slow convergence, we need a domain decomposition with
overlapping.
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Lions Algorithm (P.L. Lions, 1988)

(T] A) = f in Q1,
”*1 =0 onadQyNax,
(& +o)(u "+1) = (—a+a)(ug) ondQ N,

M—2)ufT" =f inQy,
”*1 =0 ondQNoQ, -
(a,,2+0°)( "+1) =(- a,,1+0°)( uf) ondQ2 Ny,

with o0 > 0.

@ Using Robin interface conditions, the overlapping is not anymore
necessary.
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Our aim

We consider an elliptic operators with discontinuous coefficients.
We propose

@ the form of the transmission conditions in the case of regular interface
and the case of corner singularities,

@ the strategy of optimization in each case,
@ the optimal form of the transmission conditions.
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Case of regular interface

o LetQ=R2=0QUQp, Qy = (—0,0) x R and Qp = (0, +) x R.

@ We consider the problem

=V.(v(x)Vu)u =ffor xeQ
lu| <+eas x—oo

where f is the right-hand side and

. Viin Q1
V(X) - { Vs in Qg

@ At the interface x = 0:

d d
u(0*,y) = u(0”y) and vi 5 (0.y) = Va5 (07y), y€R
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Schwarz Algorithm

If (uf, ul) are known, the step n+ 1 is determined by solving:

—\/1Au1”Jr1 =0 in £

(V1%+52)U1n+1 (O,y) = (—Vg% +52)Ug(oay)a ye R
n+1

™ <o
_vau'27+1 =0 in Qb
(Vazz +80)u(0,y) = (—VigZ +8)uf(0,y), yER
gl <eo

where §;, j = 1,2, are linear operators acting in the y direction only.

CHNITI Chokri Elliptic Problem in a Nonconvex Domain with Disc.Cfs



A natural question

How do we choose the transmission conditions in the Schwarz method to get
fast convergence of the iteration?

= Use the same strategy introduced first by [C.Japhet] for the
advection-diffusion equation.

Solution

@ Good choices of the transmission conditions optimize the performance
of the Schwarz iteration.

@ Fix a certain class of local transmission conditions and optimize the
convergence factor of the iteration over this class.
@ Need an explicit expression for the convergence factor p.

@ For the reaction-diffusion problems, the convergence can be fully
analyzed and using a Fourier transform a convergence factor p(k) can
be obtained.
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Convergence factor

@ Denote e = u — u.
@ Solve the problem with Fourier transform applied to y. The convergence
rate is defined as:

&2(0.k
p(k) = (0K
0.)

. Gg(k)—ng G1(k)—\/1k
p( )_ Gg(k)+V1k G1(k)+\/2k

where (k) are the Fourier symbols of the operators 5,j = 1,2.
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If we consider
J o9 o
Sj=Vj <B_ar(23¢)>’ oj(k) = Vvi(B+ Ekz)

the convergence factor is

(B+%k2—k)2 Vq
ki, B) = L ou=-1 0<k <k
pik:c.) B+ Sk uk)(Breketi)  FT v T

CHNITI Chokri Elliptic Problem in a Nonconvex Domain with Disc.Cfs



Optimization

The min-max problem ming.q >0 Maxo<k <k<k, |P(K; &, B)| has a unique

solution given by:
°
N
o
¢ 3
Booy — (kik2)3
opt = =
g 2(ky + k2)
° 1
2(/(1 /(2)7Z
Oopt = —F————
\/ 2(/(1 + kg)

@ Ky is the smallest frequency relevant to the subdomain,

@ ko is the largest frequency supported by the numerical grid.
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Question
Can we use the interface conditions of the regular case in the vicinity of the

corner?
= The ingredient of our study is the Mellin transform

i(2)= M(U)(2)= / N

r

Solution

| o
A

(/8%:2\—2 ) ”+1(z 0)=0

Polar coordinates + Mellin transform = "+1(z 0y)= ez(z 0.)
+1(z 0_)= ez(z,e,)

= Slow convergence and overlapping is necessary.

A
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New interface conditions near the corner

Our interface condition:

v 9, (Bi_19..9
5/7'—Vlam+\’/(r—2ar(0°:far)>

where a% is the outward normal derivative on d€2;, r is the distance to corner
and OC,',B,' € |R+.
= All the operators have the same homogeneity degree —1.
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Subproblem in €24
Following Kondratiev's Theory: Polar cordinates (r,0) and principal part
(r—0)

((ro,)2+02) eft'(r,0) =0
(v189 —V2l31 —I—Vgog (I’a ) ) 1 (r 0_ ) = gn(f)
e (r,0,) =0

where o
g'(r)= (Vzae — V234 +V2?1(r8r)2) ep(r,0-).

Polar coordinates, principal part and Mellin tronsform

(98 — 22 )ef“( z,0) =0

(V189*V2l31 *Vzmz )e?“( ,9,) :g”(z)
0
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71(0) = a(2)e®0) 1 b(z)e 400
a(z) = R(2)9"(2), b(z) = —a(z)e* %)

1
R(2) = [(WZ_VZ[‘)” _VZ%ZZ) + (V1Z+V2[31 +V2%zz) ezz(9+_9*)}

Proposition

The poles with a positive imaginary part of the factor R (z) are z = ity with

v
tan (4 (04 —0_)) = —— #:\71’ O<t<b<..<th<...
2
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@ The strength of the singularity is related to the angle of the corner. The
subproblems have smaller angles than the original problem. For that
reason, the decomposition of a polygonal domain by an interface
arriving at a corner reduces the angle of the corner, which corresponds
to a greater regularity of the subproblems as compared to the original
problem.

@ The final aim of our work is to improve the convergence of domain
decomposition methods in the neighborhood of corners. A new strategy
of optimization of the transmission conditions in the vicinity of the
corners will be proposed.
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Strategy of optimization near the corner

First strategy

First, check if it is possible to cancel the first artificial pole (nearest to the
origin and associated to the subdomain) for a well prepared data: i.e.
assume that at the step n the error function e/f’ = u]-” —u,f=1,2, have the
asymptotic type of the global problem, then the error e}’“ should keep this

asymptotic type up to some large enough order as r — 0.

Second strategy

If the first strategy has no solution, choose the pairs (o, 3;),i = 1,2, so that
the first artificial pole has the largest possible imaginary part.

N
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Mellin transform

M (u)(2) = /0 ) r"zu(r)g
If u e CF([0,+o0)) and
u(r)=cr ¥+ 0(r"),y> Im(x)

then M (u)(z) is
@ holomorphic in Im(z) < Im(y),
@ meromorphic in Im(z) > Im(y) and
@ has a simple pole of residue c in z = .
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A symmetric decomposition

If u e H'(Q) satisfies (u) C {r < 1} then the expansion of u is

[(1+Y)(9+—90)]e n
u(r,0) = ) VoEn(r,8)+o(rl  F % ), y€]o,1]
neN*, ejfeo <14y

(2)

where v, € R,

r%i*"o sin e+niteo (6—64)) if nis odd

En(r,0) =

<|=

nn
000 o nn PR
r+—% sin { 524 (6—64)) if nis even

and [W} denotes the integer part of the real number w.

1752

The cancellation of the first artificial pole it; is reduced to B = ,‘,((ﬁw.
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A non-symmetric decomposition

Case where 0. —0_ =

where

w(B) = { B

and Ty =1— %arccos(
is reduced to

g. The first asymptotic type of the global solution is

u(r,8) =r"w(8)+o(r™)

sin(T1(9—60)) if 90 < 0 56_
2 sin(T1(0—0,))if6.<0<0,

Vi+V2

V1
Vi+Va

) . The cancellation of the first artificial pole it
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Reaction diffusion problem

We consider an elliptic equation with highly jumping coefficients

~V.(v(x)Vu)+n(x)u =finQCR?,

u =0onvy,
% =gonadQ\y,
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Optimization

—

@ The poles of & " have the form z, = it,, with 0 < t; <, < t3 < ...

@ The cancellation of the first artificial pole it; gives

2 1 0, —6_ 2 1
U = ———5—g 5 for €]2——,2— —]|
T tan(——%——11) T T4 T4

where T4 denote the first positive solution of
sin?(mt) = ysin?(Ot)

with y= (Z31)?,  ©=6,-6_—m,
o B1 =0.
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Numerical results

Case where (2 is a disc. Notations:
o
Ul =) = |[ull=(0)

= ([ ul0gax)

In our comparison of numerical methods, we shall use the terminology

@ ICCC: for the interface conditions with constant coefficients (Ctopt, Bopt)
up to the corner.

@ OCC: for the new interface condition with optimized coefficients at the
corner (04, B1).

CHNITI Chokri Elliptic Problem in a Nonconvex Domain with Disc.Cfs



First case

lf6, —6_ = Z, then
°

v$+v§+6v1v2> 2

2(vi+v2)? elgo 1l

T (n)— 1 arccos
"2’ T x 3

2

————=——— > 0,= First strategy will be applied,
71 tan($ty) e 2

oy =

@ if vi =1, then t4(Vv2) decreasing with v, to the value % and the solution
of the interface problem belongs to H1+%(Q) :

Second case

If 6, —6_ =3, then 1 (3F) = 74(%) and

oy = —%m < 0 = Second strategy will be applied.
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Number of iterations

Vo 2| 4|6 |8|10]10%|10% | 10* | 10° | 10°
lterationsOCC |12 | 10| 8 |8 | 7 7 3 3 2 1
lterationsICCC | 22 | 14 | 11 | 9| 8 7 3 3 2 1

Table: Refined mesh around the corner. Number of iterations for different values of
v with |ef]; < 107®

Iteration 2 6 8 10 12
occ 85107 °|7110° | 1.110° | 2610°° | 6510
ICCC 85107 ° | 7510° | 2710° | 1410° | 8210’

el
Z=ICCC | 4002 1.07 2.33 5.49 12.67
lfl_oce

Table: Case with vi = 1,v, = 2. Comparaison of the |e1”
OCC and ICCC with respect to the number of iterations.

near the corner with

| =)
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Plot logyq |€]]1

-3

51

-7 L L L L

Figure: logyq |€7|1 with respect to the number of iterations. The OCC methdos is
represent by the blue unfield square and the ICCC methods is represent by the blue
unfield circle, with [e]|{ <1076, v{ =1 and vo = 2.
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Conclusion

@ When the interface ended with a corner, it is interesting to work (locally)
with the Mellin transform.

@ It is interesting to work with the OCC which bring a better convergence
at the corner.

Open Questions

@ Study the connection between the interface conditions with optimized
coefficients to the corner (OCC), and the interface conditions with
constant coefficients up to the corner (ICCC).

@ Extension of the results to the three-dimensional case.

@ Error estimations.
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Thank you for your attention
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