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Introduction

The aim of this presentation is to propose a numerical strategy
for computing the solution of two dimensional time harmonic
acoustic multiple scattering problems at high-frequency.
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Equation de Helmholtz

Une onde accoustique U est une solution de l’équation des
ondes :

∆U =
1
c2
∂2U
∂t2

Si U est périodique en temps, de pulsation ω
U(x , t) = Re (u(x) exp(−iωt))
alors l’équation des ondes se réduit à l’équation de Helmholtz

∆u + k2u = 0

où k2 = w2

c2 est le nombre d’onde.
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Onde plane

Ω− désigne une région bornée de Rn,n = 2,3 de frontière ∂Ω
de classe C2. Une onde plane uinc(r) = eikβ·r. L’onde incidente
plane uinc se diffracte sur Ω− et génère un champ diffracté u.

Champ total

Le champ total est ut = uinc + ud .
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Problème de diffraction

Le champ diffracté ud vérifie le problème de diffraction (E) :

(E)


∆ud + k2ud = 0 (Rn \ Ω−)

Λud = −Λuinc (∂Ω−)
u sortant

où Λ indique l’opérateur à choisir :
• Condition de Dirichlet : ut = 0, i.e ud = −uinc sur ∂Ω−
• Condition de Neumann ∂ut

∂n = 0 i.e ∂ud
∂n = −∂uinc

∂n sur ∂Ω−
• Condition de Robin ∂ut

∂n + αut = 0, sur ∂Ω−, α un nombre
complexe ou réel donné( Il est possible de choisir α une
fonction).

Theorem
Le problème de diffraction (E) admet une unique solution u.
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Amplitude de diffraction : cas où Ω− ⊂ R2

Proposition

x =
−−→
OM Il existe une fonction f analytique appelée amplitude

de diffraction, telle que :

ud ∼
√

2
π

e−i π
4

eik ||x ||√
k ||x ||

f (
x
||x ||

), quand ||x || → ∞
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Diffraction Multiple par M obstacles sphériques

Problème

(E)


∆ud + k2ud = 0 (Rn \ Ω−)

Λud = −Λuinc (∂Ω−)

lim
|x |→+∞

|x|1/2
(
∇u · x

|x|
− iku

)
= 0.

Une idée de résolution
1 Ramener le problème de diffraction multiple à une famille

de problèmes de diffraction simple couplés.
2 Obtention d’une famille d’équations différentielles.
3 Réduire le (E) à une seule famille de problèmes de

diffraction simple.
4 Obtention d’une solution analytique.
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M. Balabane(2004)

Theorem

Let u be the solution of the multiple scattering problem (E).
Then, the family of M coupled single scattering problems for
p = 1, . . . ,M:

(
Ep)



∆up + k2up = 0 (R2 \ Bp)

Λup = −Λ

uinc +
M∑

q=1,q 6=p

uq

 (∂Bp)

lim
|x |→+∞

|x|1/2
(
∇u · x

|x|
− iku

)
= 0.

admits a unique solution (u1, . . . ,up). Furthermore, the
following decomposition holds u =

∑M
p=1 up.
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Figure: A view of two typical cylinders.
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Let us introduce for all m ∈ Z the following cylindrical
wavefunctions, which are particular solutions of Helmholtz
equations for r > 0:{

ψm(r) = H(1)
m (kr)eimθ,

ψ̂m(r) = Jm(kr)eimθ,

where Jn is the nth order Bessel function and H(1)
n is the nth

order Hankel function of the first kind.
The local cylindrical wavefunctions associated with the
scatterer p:{

ψp
m(r) = ψm(rp) = H(1)

m (krp)eimθp ,

ψ̂p
m(r) = ψ̂m(rp) = Jm(krp)eimθp ,

∀ m ∈ Z.
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up is an outgoing solution of a single scattering problem outside
a disk.

up(r) =
∑
m∈Z

cp
mψ

p
m(r), ∀ p = 1, . . . ,M, ∀rp > ap.

where the complex coefficients (cp
m)m∈Z are determined by

imposing the boundary condition on the boundary of the
scatterer p:

Λup = −Λuinc −
M∑

q=1,q 6=p

Λuq on ∂Bp.
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local system of coordinates

uinc(r) =
∑
m∈Z

dp
mψ̂

p
m(r) where dp

m = eikβ·bp eim(π
2 −β).

Theorem (Separation Theorem P.Martin)
Let 1 ≤ p,q ≤ M, with p 6= q. Then, we have the following
relations:

ψq
m(r) =


∑
n∈Z

Smn(bpq)ψ̂p
n(r) for rp < bpq,∑

n∈Z
Ŝmn(bpq)ψp

n(r) for rp > bpq,
∀m ∈ Z,

where we have set

Smn(bpq) = ψm−n(bpq), Ŝmn(bpq) = ψ̂m−n(bpq).
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Unknown Fourier coefficients

Sound-soft case
∀m ∈ Z,∀p = 1, . . . ,M

cp
m +

Jm(kap)

H(1)
m (kap)

M∑
q=1,q 6=p

∑
n∈Z

Snm(bpq)cq
n = −

Jm(kap)

H(1)
m (kap)

dp
m .

Sound-hard case
∀m ∈ Z,∀p = 1, . . . ,M

cp
m +

J ′m(kap)

H(1)′

m (kap)

M∑
q=1,q 6=p

∑
n∈Z

Snm(bpq)cq
n = −

J ′m(kap)

H(1)′

m (kap)
dp

m .
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More compact vector

Cp + Dp
M∑

q=1,q 6=p

(
Sp,q)T Cq = Bp ∀ p = 1, . . . ,M,

where

Cp = (cp
n )n∈Z is the infinite vector containing the

coefficients of the cylindrical decomposition of up,
(Sp,q)T denotes the transpose of the separation matrix Sp,q

between the obstacles Bp and Bq defined by

Sp,q = (Sp,q
mn)m∈Z,n∈Z Sp,q

mn = ψm−n(bpq),

Dp = (Dp
mn)mn∈Z is the diagonal infinite matrix.
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AC = B

where

A =


I D1 (S1,2)T

. . . D1 (S1,M)T

D2 (S2,1)T I . . . D2 (S2,M)T

...
. . .

DM (SM,1)T DM (SM,2)T
. . . I

 ,

C =


C1

C2

...
CM

 B =


B1

B2

...
BM


and where I denotes the identity operator on `2(C).
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in the neighborhood of Bp (namely, for rp < min
1≤q≤M
q 6=p

bpq) by the

relation

u(r) =
∑
m∈Z

cp
mψ

p
m(r) +

∑
m∈Z

 M∑
q=1,q 6=p

∑
n∈Z

Snm(bpq)cq
n

 ψ̂p
m(r).

Using rp = r − bp cos(θ − αp) +O(1/r), the scattering
amplitude a(θ) defined by

u(r) =
eikr
√

r
a(θ) +O

(
1
r

)
, as r → +∞.

is obtained by

a(θ) = e−iπ/4

√
2
πk

p=M∑
p=1

e−ibpk cos(θ−αp)

(∑
n∈Z

ein(θ−π
2 )cp

n

)
.
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Cp +Dp
M∑

q=1,q 6=p

(
Sp,q)T Cq = Bp ∀ p = 1, . . . ,M,

where
Cp = (cp

n )n=−Np,...,Np

Sp,q is the (2Np + 1)× (2Nq + 1) finite dimensional
separation matrix Sp,q =
(Sp,q

mn )−Np≤m≤Np,−Nq≤n≤Nq Sp,q
mn = ψm−n(bpq),

Dp = (Dp
mn)−Np≤m≤Np,−Nq≤n≤Nq

Dp
m,m =


Jm(kap)

H(1)
m (kap)

for sound-soft obstacles,

J ′m(kap)

H(1)′

m (kap)
for sound-hard obstacles,

Bp = −Dpdp, where dp = (dp
m)−Np≤m≤Np is the finite vector

containing the 2Np + 1 first coefficients.
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Matrix-sytem

AC = B, A ∈ CN,N , N =
M∑

p=1

(2Np + 1)

A =


I1 D1 (S1,2)T

. . . D1 (S1,M)T

D2 (S2,1)T I2 . . . D2 (S2,M)T

...
. . .

DM (SM,1)T DM (SM,2)T
. . . IM


where Ip denotes the identity matrix of C2Np+1 and

C =


C1

C2

...
CM

 B =


B1

B2

...
BM


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Number of modes Np

1 Np must be large enough to capture both the propagating
and grazing parts of the solution.

2 Taking too many modes for approximating the solution
makes the matrix A illconditioned.

Np =

[
kap +

(
1

2
√

2
ln(2

√
2πkapε

−1)

) 2
3

(kap)1/3 + 1

]
⇒

|cp
m| ≤

√
2
√

2πkap

2
exp

(
−
√

2 kap ζ
3/2
)
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Introduction
Theoretical Study
Numerical results

Geometrical configurations

b x

δ

Figure: Regular line with M = Mx disks.

b x

b y

Figure: Regular rectangular lattice with M = Mx ×My disks.

b x

b y

Figure: Triangular lattice with Mx disks on the first row, (Mx − 1) disks
on the second one and a total number of My odd rows.
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Storage

The matrix A has a particular structure: each one of its
off-diagonal blocks is obtained by multiplying the diagonal
matrix Dp ∈ C2Np+1,2Np+1 by the matrix (Sp,q)T ∈ C2Np+1,2Nq+1

which has a Toeplitz structure
The storage of (Sp,q)T can be optimized using a compressed
version based on the root vector

σp,q = (Sp,q
Nq ,−Np, ...,S

p,q
−Nq+1,−Np

,Sp,q
−Nq ,−Np

, ...,Sp,q
−Nq ,Np

)T.
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Comparaion-Storage

Full version: the (2Np + 1)(2Nq + 2) complex coefficients
required, the vector root version of A leads to a memory
storage and a CPU time of the order of O(4k2a2M2)
Compressed version: the compressed storage needs
2(2Np + Nq + 1) entries, the vector root version of A leads to a
memory storage and a CPU time of the order of O(6kaM2)
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Behaviour of the CPU time according to the wavenumber kap
for building the matrix A in the case of the scattering by two
circular cylinders fixing Np by formula
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Influence of the order of truncation Np on the convergence
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Evolution of the residuals with respect to niter for Np = 120 and
Np = 150.
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Number of MVPs and obstacles M

Number of MVPs with respect to the number of obstacles M:
single-row configuration with ka = 100 and two different values
of bx . The GMRES(50) solver is used fixing tol = 10−8

(Dirichlet problem).

0 20 40 60 80 100 120 140 160 180 200
0

100

200

300

400

500

600

700

800

900

1000

M

M
V

P

 

 

δ = 0.01
δ = 1

CHNITI Chokri Diffraction multiple à haute fréquence en acoustique
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Number of MVPs and distance between two obstacles

Number of MVPs with respect to the distance δ between two
obstacles. We fix: ka = 100, M = 10 obstacles. The solution is
obtained with GMRES(50) for tol = 10−8 (Dirichlet problem.)
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Solution is obtained without and with the
preconditioned

Number of MVPs with respect to the wavenumber ka for the
rectangular lattice configuration with bx = 8 and by = 13. We
fix Mx = 8 and My = 2,4,8. The solution is obtained without
and with the preconditioned GMRES(50) for tol = 10−8

(Dirichlet problem).
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Number of MVPs with respect to the wavenumber ka

Number of MVPs with respect to the wavenumber ka:
rectangular lattice configurations with Mx = 5,My = 2, . . . ,6.
We consider bx = by = 3 and solve the linear system using the
GMRES(50) solver for tol = 10−8 (Dirichlet problem).
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Unstructured configuration
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Introduction
Theoretical Study
Numerical results

MVPs, wavenumber ka, unstructured configuration

Number of MVPs with respect to the wavenumber ka for a
unstructured configuration (with and without preconditioner).
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Conclusion

1 The main difficulty that arises is due to the fact that the
complex dense linear system to be solved is very large and
ill-conditioned. This is in particular true when the number
of scatterers is large and/or for high frequencies.

2 Taking advantage of the particular block Toeplitz structure
of the matrix of the linear system, we proposed an adapted
storage of the system and an iterative algorithm of
resolution, based on a fast MVP computation. We realized
a thorough numerical study of the convergence rate with
respect to different geometrical parameters of the problem

3 Geometrically-based preconditioner, obtained by taking
into account close interactions is tested.
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Open questions

1 Etude théorique pour la formule de tranquature.
2 Etude avec les équations intégrales.
3 Etude avec des obstacles non sphériques.
4 Etude dans R3.
5 Existence d’une plage de fréquences telle que : (Nombre

vp = Nombre obstacles). Problème de valeurs propres.
6 Si k est trop petit, trop de valeurs propres : impossibilité de

connaı̂tre le nombre d’obstacles.
7 Si k est trop grand, perte d’information.
8 Amplitude des plus grandes valeurs propres.
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