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Straight waveguide

J. D. Jackson, Classical Electrodynamics
(Wiley, New York, 1999)

Helmholtz wave equation:��� � � � � �� � �

Boundary conditions:

Dirichlet Neumann Robin 
� � � � � �

� � � � � � �
� � � �

�
�
�

inward unit normal to the interface 

�

complex �� �
� � � � � � � � �
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� �
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TM modes TE modes
electronic waveguide acoustical duct

superconductor/
insulator boundary

lined acoustical duct
superconductor/normal
metal boundary

In phenomenological Ginsburg-Landau (GL) theory of superconductivity
Robin parameter � is called extrapolation length (or de Gennes distance)

superconductor/
ferromagnetic boundary superconductor/

superconductor boundary

negative �

Gustave Robin (1855-1897) biography and controversy over the priority:
K. Gustafson and T. Abe, The Mathematical Intelligencer 20, 63 (1998)

� �
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Electronic waveguide (quantum wire)

D. A. Wharam, T. J. Thornton, R. Newbury, M. Pepper, H. Ahmed,
J. E. F. Frost, D. G. Hasko, D. C. Peacockt, D. A. Ritchie, and G. A. C. Jones,
J. Physics C 21, L209 (1988)



Bending the waveguide 

A bend constitutes a perturbation in an otherwise straight tube

Existence of the bound states in the asymptotically straight Dirichlet strip:Existence of the bound states in the asymptotically straight Dirichlet strip:
P. Exner and P. Seba, J. Math. Phys. 30, 2574 (1989) � (� )

R. L. Schult, D. G. Ravenhall, and H. W. Wyld, Phys. Rev. B 39, 5476 (1989)

Localized level exists in the curved Dirichlet waveguide with its energy being less

than the fundamental propagation threshold
� � � � �

�
� �� �

�

Earlier hints: M. Jouguet, Annales Télécommunications 2, 78 (1947);
Câbles et Transmission 1, 39 (1947)

V. P. Maslov and E. M. Vorob'ev, Sov. Phys. - Dokl. 13, 223 (1968)
C. P. Bates, Bell Systems Technical Journal 49, 2259 (1969)

strip width

mass of the particle



Bound states in the curved waveguide

Experimental confirmation: J. P. Carini et. al., Phys. Rev. B 46, 15538 (1992);
48, 4503 (1993)

Straightening transformation:
D. W. L. Sprung et. al.,
J. Appl. Phys. 71, 515 (1992)

Bend of the radius � and angle �
is equivalent to the potential square well
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Model of the curved Dirichlet waveguide

Units:
length – � , energy -

� � � � �
�
� �� �

�

, momentum -
� ��

time -
� �� �

±�
� � �

�

, velocity -
� 	� �� �

conductance – � /� , current density -2
� �

±�
�� �

�

magnetic field -
�

±�
�� �

�

Schrödinger equation:
� � �

� �
�� � � �

O. Olendski and L. Mikhailovska, Phys. Rev. B 66, 035331 (2002)

magnetic field -

solution to the left of the bend [� � �
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solution after the bend:
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current conservation law ( � �= � ��� , � =1,2,…; ):
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current transmission and reflection probabilities between subbands � and �

]:



Radial function for the Dirichlet waveguide
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solution inside the bend:
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equation for determination � � :
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Solutions are discrete and countably infinite, with only a finite number of real
zeros, the remainder being purely imaginary:

J. A. Cochran, J. Soc. Ind. Appl. Math. 12, 580 (1964)J. A. Cochran, J. Soc. Ind. Appl. Math. 12, 580 (1964)
J. A. Cochran and R. G. Pecina, Radio Science 1, 679 (1966)

propagation thresholds:�
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matching wavefunctions in different regions:� � � � 
 � � �� � 

�

� �
 � � �� � �
�

� � 
 �
�
� �� � 


�
� �

�

 � � �

�
�




�

�
�
� ��

�� �
� � � 





	

�
�
�
	 ��




� �

�
�
�
� � ��

�� �
� � � 
 �




	

�
�
�
	 � 	 �



Conductance and scattering and reflection matrices

scattering matrix 			 	 : 


 
 =	�	�	� 	� ; reflection matrix ��� � : ��� � =������ ��
conductance 
 :

� � � � �
�

�� �

�
� � � �

�
� � � � �

��
�� �

��
- Büttiker-Landauer formula

R. Landauer, IBM J. Res. Dev. 1, 223 (1957); 32, 306 (1988);
Philos. Mag. 21, 863 (1970)
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 �
�

� ��� ±

solid – � =0.001
0

dashed – � =0.01
0

dotted – � =0.1
0

dash-dotted – � =1
0

quasibound state with complex energy:
�

��
� �

���
� � � � �

lifetime � of the quasibound state: � =1/�



Half width dependence on the bend parameters


 � � � ��� 
 � � � ��� �� ±

dash-dotted – � =1
0

dotted – � =0.1
0

dashed – � =0.01
0

solid – � =0.001
0

In the points where � =0, lifetime becomes infinite.
One has true bound state embedded into continuum

conductance for the critical bend
parameters



Bound State in the Continuum (BIC)

J. von Neumann and E. Wigner, Phys. Z. 30, 465 (1929) 

Radial potential
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BIC:
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 # �  � � $ �	
 �

� ��� � � � � � � 


� – normalization constant



Bound State in the Continuum (cntd.)

S. Albeverio, Ann. Phys. 71, 167 (1972)
M. S. P. Eastham and H. Kalf, Schrödinger-type Operators with Continuous
Spectra (Pitman, Boston, 1982)
F. H. Stillinger and D. R. Herrick, Phys. Rev. A 11, 446 (1975)

D. R. Herrick, Physica B 85, 44 (1977); F. H. Stillinger, ibid. 85, 44 (1977)
H. Friedrich and D. Wintgen, Phys. Rev. A 31, 3964 (1985); 32, 3231(1985)

Experiment
semiconductor superlatticessemiconductor superlattices
C. Sirtori et. al., Appl. Phys. Lett. 61, 828 
(1992);F. Capasso et. al., Nature 358, 565 
(1992)
B. Sung et. al., Appl. Phys. Lett. 68, 2720 
(1996)
M. R. Vladimirova et. al., JETP Lett. 69, 
779 (1999)

electromagnetic waveguides
G. Annino et. al., Phys. Rev. B 73, 125308 
(2006)



Vortices in curved Dirichlet waveguide

current density:
� � � �� �� � � � � � � � � �� � � �

� �

	

�
� � �

vorticity:

Whirling motion is intimately related to the topological structure of the wave function
P. A. M. Dirac, Proc. R. Soc. London A 133, 60 (1931)
J. O. Hirschfelder, J. Chem. Phys. 67, 5477 (1977)
P. Exner et.al., Phys. Rev. Lett. 80, 1710 (1998)

O. Olendski and L. Mikhailovska, submitted to  Phys. Rev. E



Patterns of current vortices
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Curved Dirichlet waveguide in uniform magnetic field

Schrödinger equation in the presence of magnetic field ��� � :�
� �

� � � � � � � � � � � � � � � � � � � �

Vector potential ��� � ���� ��������������������

Two gauges
Landau: � ���� (-�� ,0) Symmetric: � ���� (0,� � /2)

straight arm
Cartesian coordinates

curved section
polar coordinates

M. L. Roukes et.al., Phys. Rev. Lett. 59, 3011 (1987)

Solution before the bend:
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Equation for 	
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� (� ,� ) – Weber parabolic cylinder function

Dirichlet on both surfaces

O. Olendski and L. Mikhailovska, Phys. Rev. B 72, 235314 (2005)
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Wavevectors � are found from the boundary conditions
� � �

� § � � �� � �



Magnetic Dirichlet transverse functions in the straight 
arm

Equation for determination � :
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Normalization:
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invariant under the transformation � � -�

At band edge � =0:
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follows from Sturm-Liouville analysis

At band edge � =0: � � �
�

� �
�

�

At � � 0 energies
� � � �

� � �� � � �� ��� � 
 � � � 
 � 
 � � �
For strong magnetic fields, � � �

equidistant Landau spectrum

(� ) � =10 (� ) � =20 (� ) � =25 (� ) � =35
solid  - imaginary part
dashed – real part



Magnetic Dirichlet radial functions

Total solution in the bend:
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Dirichlet boundary conditions:
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wavenumber
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Equation for determination
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!!! Not to confuse with the Weber parabolic cylinder function � (� ,� ) !!!



Wavefunction transformation for different gauges

Different gauges:
� � � � ��
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Scattering matrix 	 :
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Bound states in the magnetic field

(� ) � =0 (� ) � =10 (� ) � =20 (� ) � =35
solid line -

�
�

� �� ±

dashed line -
�

�
� ��� ±

dotted line – fundamental propagation threshold of the straight arm

(� )



�
� �

(� )



�
� � ��

(� )



�
� � ���

(� )



�
� � ����



�

� � ���� 
 �
�

� �� ±

dash-dotted line 2 – fundamental propagation threshold of the bend



Magnetotransport in the fundamental mode
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Half width � as a function of � (� )
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Current density patterns – small and moderate fields

current density in the magnetic field:
� � � �� �� � � � � � � � � �� � � � � � � � � � � �

� =1



�
� � ���� 
 �

�
� ��� ±

� =1

(� ) � =3.8 (
 =0.9884)            (� ) � =3.87 (
 =0.7993)        (� ) � =3.885 (
 =0.1803)
(� ) � =3.892 (
 =0.2983)        (� ) � =3.905 (
 =0.8122)      (� ) � =3.94 (
 =0.9753)



Edge (surface) currents

M. Büttiker, Phys. Rev. B 38, 9375 (1988)B. I. Halperin, Phys. Rev. B 25, 2185 (1982)

T.-L. Ho, Phys. Rev. B 50, 4524 (1994)

http://www.angelfire.com/co/oleg



Current density patterns - strong fields

� =34.7



�
� � ��� 
 �

�
� ��� ± (� ) � =10.575

(� ) � =10.5805� =34.7
� � (� ) � =10.5805

(� ) � =10.5810474
(� ) � =10.5815



Mixed Dirichlet-Neumann boundary conditions

J. Dittrich and J. K�i�, J. Phys. A 35, L269 (2002)

Bound state exists for the Dirichlet inner and Neumann outer 
boundary conditions and NOT vice versa
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solution before the bend:

�
�

� � � � � � � � 
�� � � � � 	� � ��
- Dirichlet (D) inner, Neumann (N) outer

O. Olendski and L. Mikhailovska, Phys. Rev. E 67, 056625 (2003)
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Radial functions for the mixed boundary conditions
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Radial thresholds dependence on the bend radius

Curve 1 – DN case, 2 – ND case, 3 – DD case, 4 – NN case



Bound states for the mixed conditions
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Transport properties for the mixed conditions
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Vortices near the resonant energies for the DN case
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Curved DN waveguide in uniform magnetic fields
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Curved Robin waveguide

�
��

�
���

Robin boundary condition:
� � � �

� � �
�

�
�
�
�

inward unit normal to the interface 

solution before the bend:� � �
 � � �
� �

� ��

�
�

�
� �� � � � �

�
� � �� � �

�
�

�
� � �

solution after the bend:� � �
�

 �

�
� �

� �

� ��
�

�
� �� � � � �

�
� �

�
�

� � �
�
� � � � - �

�
�

�
� � � � � 
 -

�
�

�
� � � � . �

�

O. Olendski and L. Mikhailovska, submitted to  Phys. Rev. E

�
� �

�
� � � � �

� ��

�
�
� � �

� �
�
�

 ��

� � 

�
� �

�
� � � � �

� ���

�
�
� � �

� �
�
�

 ��

� �

� �
� � � �

�
�

�
� � � ��

� ���

´
��
 -

�
�

�
�

� � � ���

� -
�
�

��

´

�� -

�
� �

boundary conditions:

equation for determination � for each energy ��

�
� � � ��

� ���

´
��
 �

�
�

� �
�

�
�

�
�

� � � � ���

� �
�

�
� �

�
��

´

�� �

�
�

� �
� �

propagation thresholds � (� =0):���

for
�

��
� � �

���
 �

� �
� � � � � � � � �

��
� 
 � � 
 � � � 
 � 
���

�
��

� �
���

� � � �
second threshold turns to zero at



Thresholds of the straight Robin waveguide
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Bent section of the Robin waveguide
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Propagation constants of the Robin curved part
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Propagation thresholds of the Robin curved part�
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Bound states of the curved Robin waveguide
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Bound-state dependence on the parameters of the bend



Bound-state wavefunctions
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Emergence of the bound states for different inner and 
outer �
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Summary

• Bound state in the continuum exists for the curved Dirichlet waveguide 
for some critical parameters of the bend

• Magnetic field strongly modifies properties of the waveguide
• Properties of the curved waveguide with Dirichlet inner and Neumann 

outer interfaces strongly resembles that of pure Dirichlet demands
• Robin boundary conditions offer a wide range of manipulation of the 

properties of the curved waveguides


