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Introduction

◮ Your Data : X1, ....,Xn, n observations. Xi = Xti

⇒ Extract some information about the law of your
experiments.

◮ A stochastic model : we assume Xi are random variables
defined on some probability space (Ω,A,P)
(Xi )i>0 is a random sequence or (Xt)t>0 a random process.

◮ The simplest model : assume independence and identically
distributed.

◮ The general model : assume stationarity.

◮ A minimal assumption : the law remain unchanged.
◮ If there is a change, first locate the change.

◮ How to model and measure dependence over time?

◮ Review some basics about inference for Stochastic models.
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A simple model: i.i.d

We assume that the Xi are independent identically distributed.

◮ The main inference is about the marginal distribution. (The
only unknown in the model is the law of Xi ).

◮ Two possible setting : parametric and nomparametric.

◮ Two types of questions : Estimation or Test between
hypothesis.

◮ An example : ” Sondage d’opinions”
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Estimation of the mean : SLLN (LFGN) and TLC

◮ Assume that X1, ....Xn are i.i.d. with unknown mean m and
finite variance.

Xi : (Ω,A,P) −→ R

We estimate the mean by the empirical mean :X̄ = 1
n

∑n
i=1 Xi

◮ The SLLN ensures the almost sure convergence to the true
mean :‘

For almost all w ∈ Ω,X (w) → E (X )

◮ The TLC indicates the speed of the approximation.

√
n(X̄ − E (X )) =⇒ N(0, var(X ))

◮ Some examples using Matlab.

◮ What about dependance, what about change in the model ?
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Memory : What is dependence : LRD and SRD

Let X1,X2, ....,Xn be a stationary sequence
• We would like to model and measure dependance over time.
• We can and do measure dependence by correlations.

r(k) = corr(Xi ,Xi+k) = Cov(Xi ,Xi+k)/V (Xi )

Assume Cov(X0,Xi ) ∼ Ci−α

◮ We define LRD by correlations near infinity :
∑∞

i=1 |Cov(X0,Xi)| = ∞.

◮ if α < 1 ⇔ Long range dependence (LRD) or Long Memory

◮ if α ≥ 1 ⇔ Short range dependence (SRD) or Short Memory

◮ LRD is equivalent to a singularity of the spectral density f
near zero,

r(k) =

∫

exp(ikw)f (w)dw
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Memory : Variance of partial sum

Let X1,X2, ....,Xn be a stationary sequence with correlation

r(k) ∼ Ck−α, α ≥ 0

f (w) ∼ Cw−2d , −1/2 ≤ d ≤ 1/2

Then

Var

(

n
∑

i=1

Xi

)

∼ Cn2−max(α,1) ∼ Cn2H ∼ Cn1+2d

◮ α : the decay of the correlation function

◮ H The Hurst parameter

◮ d the fractional parameter
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Examples : ARMA and ARIMA

◮ AR processes :Xt = a0 + a1Xt − 1 + .... + Xt−p + ǫt (ǫt)i .i .d

◮ ARMA processes : B is the back shift operator, Φ,Θ two
polynomial functions or order p and q.

Φ(B)Xt = Θ(B)ǫt (ǫt)i .i .d

◮ ARIMA processes

(1 − B)−dXt = ǫt

◮ An example : Regression Analysis

Yt = f (X 1
t , ......,X p

t ) + ǫt

◮ Yt the output variables or the answer
◮ f is the trend or the link function.
◮ X 1, ....X p input variables.
◮ (ǫt) the error term.
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Figure: Traces of a stationary sequence for different values of α
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The change point problem : the setting

◮ Let (Xi)i=1..n be a sequence in a measurable space E .

L (Xi ) =

{

Pn if i ≤ nθ

Qn if i > nθ,

where 0 < θ < 1 is the location of the change-point.
◮ We aim to estimate the location of the change-point θ using

an estimator of the following general type:

θ̂n =
1

n
min

(

argmax1≤k<n {N(Dk)}
)

, (1)

◮ N is a (possibly random) semi-norm on the space M of
signed finite measures on E ,

Dk =

[

k

n

(

1 − k

n

)]1−γ
(

1

k

k
∑

i=1

δXi
− 1

n − k

n
∑

i=k+1

δXi

)

,

(2)
and γ is a parameter satisfying 0 ≤ γ < 1.
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A Norm on the space M
◮ For each semi-norm, we require a family of functions F .

◮ For a measure ν on E , and f : E→ R, we define , ν(f ) as
ν(f ) ≡

∫

f (x)ν(dx).

◮ Example 1. F = {1·<Xi
, i = 1, ..., n}, we define norms of a

measure ν via the quantities di = ν(1·<Xi
). For example,

Kolmogorov-Smirnov and Lp norm

N(ν) = sup
1≤i≤n

|di |, Np(ν) =

(

1

n

n
∑

i=1

|di |p
)1/p

, (3)

◮ Example 2. For F = {f p : x → xp, p = 1, ...,+∞} we
define the semi-norm by

N(ν) ≡
∑

f ∈F

d(f ) |ν (f )| ,

where d(f ) is a sequence of positive weights.
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Assumption 1 : The dependence structure of the sequence

We now turn our attention to the dependence structure of the
sequence.
There exist constants C > 0 and 0 < ρ < 1, such that for any m

sup
f ∈F

sup
k,m,k+m≤n

E

(

k+m
∑

i=k

[f (Xi ) − E (f (Xi))]

)2

≤ Cm2−ρ. (4)

In particular it is the case if there exists C > 0

sup
f ∈F

sup
1≤i≤n−m

|corr (f (Xi), f (Xi+m))| ≤ Cm−ρ. (5)

◮ This assumption simply states that for each of the functions f
in F the correlation between f (Xi ) and f (Xi+m) must decay
algebraically or faster with m as m → ∞.
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The results : Theorem 1 and 2

◮ In Theorem 1 we develop conditions that can deal with
countable families of functions and norms that are bounded by
weighted moments.

◮ In Theorem 2 we consider the case of uncountable families of
functions. In this case we need to control the size of the
family.

◮ For f in F we set

ν(f ) =

∫

f (x)ν(dx)
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Theorem 1 : The weighted moments

Theorem (1)

Assume that
N (ν) ≤

∑

f ∈F

d(f ) |ν(f )| , (6)

There exists a sequence bn such that

P (N (Pn − Qn) > bn) → 1 as n → ∞, (7)

with bn ≥ b > 0 then

θ̂n − θ = Op(n
−1). (8)

◮ Equation (7) controls the rate at which the semi-norm of the
difference between the two distributions decays to zero.
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Assumption 2 : Controlling the size of the family

◮ Given two functions l and u, the bracket [l , u] is the set of all
functions f with l ≤ f ≤ u. Given a norm ‖·‖ on a space
containing F , an ε−bracket for ‖.‖ is a bracket [l , u] with
‖l − u‖ < ε.

◮ The bracketing number N[ ] (ε,F , ‖·‖X ) is the minimal
number of ε−brackets needed to cover F .

◮ A family F is said to satisfy Assumption 2 if
∀ ε > 0, N[ ] (ε,F , ‖·‖X ) < ∞ where ‖·‖X is a norm
satisfying supn∈N |Pn(|f |)| + |Qn(|f |)| ≤ ‖f ‖X .
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The second Theorem

Theorem (2)

Assume that the semi-norm satisfies:

N(ν) ≤ sup {|ν(f )| , f ∈ F} , (9)

where sup {‖f ‖ , f ∈ F} < ∞. If

◮ Assumptions 1 and 2 are satisfied.

◮ There exists a sequence bn such that

P (N (Pn − Qn) > bn) → 1 as n → ∞, (10)

◮ b−1
n N[ ] (bnεn,F , ‖·‖X )

[

n−ρ/2 + nγ−1
]

→ 0, where εn is any
sequence that tends to zero as n → ∞. Then we have

θ̂n − θ = Op

(

n−1
[

b−1
n N[ ] (bnεn,F , ‖·‖X )

]2/ρ̄
)

. (11)
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Corollary : The K-S Norm

Corollary

Assume that the semi-norm satisfies (9) and (10) with bn ≥ b > 0
then

θ̂n − θ = Op(n
−1). (12)

◮ In the case bn > b > 0 Theorems 1 and 2 both give the same
Op(n

−1) rate for both ρ < 1 and ρ ≥ 1

◮ For Theorem 1 in the case bn → 0 with ρ ≥ 1 it is possible to
obtain the rate Op(n

−1b−2
n ln2(nb2

n)) which can represent a
marginally better result.
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Some ideas behind the results

◮ We define tk ≡ k/n, then Dk ≡ Dn(tk) where

Dn(t) = t1−γ(1 − t)1−γ





1

nt

[nt]
∑

i=1

δXi
− 1

n(1 − t)

n
∑

i=[nt]+1

δXi





and w(t) = tγ(1 − t)γ .
◮ We rewrite Dn(t) as the sum of its mean and a centered

random component, Bn(t),

Dn(t) =
1

w(t)
[(Pn − Qn)g(t) + Bn(t)] , (13)

where g(t) = t(1 − θ)1t≤θ + θ(1 − t)1t>θ is a piecewise
linear function that takes its maximum at the change-point
(t = θ) and Bn is the empirical bridge measure given by

Bn(t) = Wn(t) − tWn(1), (14)

Wn(t) =
1

n

[nt]
∑

i=1

[δXi
− L (Xi )]. (15)
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Why did we always get the 1/n convergence??

◮ Our main results stated in Theorems 1 and 2 occur because of
the cancellation of two competing effects:

1. One of the effects is concerned with the absolute magnitude of
the random noise in Dn(t).
-For independent or SRD sequences the partial sums in the
centered random component of Dn(t), namely Bn(t), typically
have a magnitude of order n−1/2 as n → ∞.
- For LRD sequences the partial sums decay more slowly. This
means that the stronger the dependence the larger the random
component in (2).

2. The other effect is concerned with the variations in the noise in
the vicinity of the change-point. Correlations in LRD
sequences imply that the random noise Bn(t) has less rapid
variation and local fluctuations become smaller.
Hence the smaller the local fluctuations are, the easier the
estimation becomes.

◮ These two effects compensate: the overall rate of convergence
is the same for all dependence structures.
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Simulations

◮ We generated a sequence by taking

Xi = Y 2
i − 1 if i ≤ nθ and Xi = 1 − Y 2

i if i > nθ.

- (Yi)i=1..n with zero mean and unit variance with a
covariance given by r(n) = (1 + n2)(−α/4) ∼ n−α/2.

- The marginal distributions before and after the jump have the
same mean and variance, but have different skewness.

◮ We show results for the estimator that uses the
Kolmogorov-Smirnov norm (KS) and the L1 norm . The
parameter γ is equal 0.5.

◮ We considered independent sequences, SRD sequences with
α = 1.5 and LRD sequences with values of α = 1.0, 0.8, 0.6
and 0.4. We present simulations in which the sequence length,
n, varies between 1000 and 6000.

◮ The Mean Absolute Error MAE ≡ E(|(θ̂n − θ)|) for each value
of α was estimated using 10000 different sequences.
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Figure: The MAE of n(θ̂n − θ) for different values of α under the L1 norm
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Perspectives and open questions

◮ How to estimate the memory parameter d .

◮ How to test and locate possible change in the parameter d .

◮ A challanging problem : High frequency Data

◮ Model and estimate changing of variance over time : GARCH
and augmented GARCH.
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THANKS and welcome for questions or comments
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